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Provide important benchmarks!

2D Ising model thermodynamic  phase  

transition

1D Hubbard model Mott  insulator

Heisenberg chain Spinon （fractional charge）
Recent  applications：Cold  atoms、Yang-Mills and

AdS/CFT、Stochastic  process、
Topological  states  of  matter、
Quantum  information 

I. Motivation 

Topology becomes 

very important!

Hydrogen atom

Why exactly solvable 

models?



I. Motivation

Study on topological quantum integrable models 

initiated from Baxter’s work on the XYZ model 

Z2 

operators:

The odd N case kept unsolved stubbornly for 40 

years!



Two classes of integrable models

I. Motivation

Ordinary  with U(1) Topologically  nontrivial 

Without U(1) symmetry

Periodic boundary

Parallel boundary 

…..

Coordinate BA, 

Baxter’s T-Q,

Algebraic BA

XYZ spin chain (odd N)

Anti-periodic boundary

Non-diagonal boundary fields

Cyclic representation……

Off-diagonal Bethe Ansatz



I. Motivation

Baxter’s T-Q relation

Regularity



I. Motivation

+?

However, for topologically nontrivial  models, there is no 

polynomial Q-solution!

It violates either  asymptotic behavior or periodicity

Nontrivia

l 

topology 

!

Boundary becomes very important!

Edge states in QH, TI etc.

Why polynomial Q? (1) Simple BAEs; (2) Easy 

thermodynamic limit  (integrals).



II. The inhomogeneous T-Q relation

Absence of   reference  state !

The eigenvalue of the transfer matrix is a  degree N 

polynomial! 

N+1 equations or  values 

at N+1 points           

determine it completely!

Functional analysis!



The operator product identities

Consider an R-

matrix

Intrinsic properties:

Transfer matrix:

Homogeneous



II. The inhomogeneous T-Q relation

C(u) is nonsingular 

and matches  

asymptotic behavior 

or periodicity

Why?

Regularity



III. The topological spin chain

Cao et. al, PRL 111, 137201(2013)

Monodromy matrix

Transfer matrix



III. The topological spin chain

Functional relation Periodicity

Degree N-1 

trigonometric 

polynomial

BAE



Gapless：topological particle-hole excitation

Gapped: bulk zero mode

PRL 111,137201(2013)

Superconducting quantum dot 

embedded in a metallic ring

III. The topological fermion chain



III. The topological spin chain: Bethe states

Orthogonal 

and complete 

basis

A convenient basis



III. The topological spin chain: Bethe states

Scalar product



III. The antiperiodic XXZ model: Bethe states

The Bethe state

q-spin coherent 

state

Requirement !

From known eigenvalue and creation operator  

to retrieve  initial state!



IV. The XYZ model

Baxter 72

Faddeev & 

Takhtajan 79



III. The XYZ model: Inhomogeneous T-Q

The minimal T-Q           

m=1 for odd N

m=2 for even N



V. Concluding Remarks & Perspective

Operator product identities

Inhomogeneous T-Q 

Intrinsic properties of R matrix

+ Asymptotic behavior of the  polynomial

Regularity Bethe Ansatz equations
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V. Concluding Remarks & Perspective

The method works for all boundary conditions!

High rank systems: An, Bn, Cn, Dn

Nested T-Q 

ODBA in principle provides a unified method to 

solve the quantum integrable models

Fusion

The irreducible inhomogeneous T-Q must imply non-trivial 

topological nature of the system! Mathematics?



Thanks!


